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Abstract

Cylindrical Trigger Hodoscope (CTH) detectors are designed for the COherent Muon to Electron

Transition (COMET) experiment, which aims to detect neutrinoless muon-to-electron (µ − e)

transitions, a Beyond Standard Model (BSM) effect that requires detection devices with high

accuracy to unveil. In order to examine the effectiveness of the CTH detectors, their responses

upon encountering e−, µ+, and π+ particles with initial momentum conditions of 105, 125, 150, and

200 MeV/c are collected using simulation software. The energy deposition behaviours are therefore

compared with the theoretical predictions of the Bethe-Bloch formula, an expression describing the

energy deposition per unit length as particles travel through materials. Evidently, in the COMET

project’s momentum range of interest at 105 MeV/c, e− can be well distinguished from µ+ and

π+ because of their distinct energy deposition behaviours, making the CTH detector an effective

device to fulfil the COMET project’s needs. Despite discrepancies, the general trend of energy

deposition distribution from the simulation aligns with the Bethe-Bloch formula. The discrepancies

are potentially resulted from secondary particle emissions or other radiative behaviours, which

require further investigation.
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1.1 COMET Project

The COherent Muon to Electron Transition (COMET) project aims to search for neutrinoless

conversion of muons into electrons (µ − e conversion) µ−N → e−N for a given nucleus N . This

is one of the charged-lepton flavour violation (CLFV) reactions [1]. Such processes are extremely

suppressed in the Standard Model, with a branching ratio of O(10−54) amidst the decay in orbit

(DIO) process of µ− → e−νµνe, which makes the µ − e conversion undetectable [2]. However, in

some Beyond Standard Model (BSM) theories, such as Supersymmetry theories and the Leptoquark

model, µ− e conversion is predicted with a branching ratio of O(10−15).

The COMET project therefore aims to achieve a single-event sensitivity of 10−15 in its Phase-I

to enable the detection of µ− e conversion, thereby confirming new physics beyond the Standard

Model. This sensitivity will be further improved to 10−17 in Phase-II to enhance the study of

CLFV [2].
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1.2 CTH Detectors

The Cylindrical Detector (CyDet) is proposed as the primary detection device for COMET Phase-

I. It comprises two main components: the Cylindrical Drift Chamber (CDC) and the Cylindrical

Trigger Hodoscope (CTH), as depicted in Fig. 1.1.

Figure 1.1: Left-hand side: illustration of the Cylindrical Trigger Hodoscope (CTH) detector.
Right-hand side: the Cylindrical Detector (CyDet). The CTH detector is one of the two compo-
nents of CyDet, providing accurate impact timing detection [3].

CDC is a gaseous chamber that allows accurate momentum detection of the charged particles.

The incoming charged particles ionise the atomic e− of the gas molecules upon impact, enabling

them to drift under the strong electric field inside the chamber and collide with the detection

wiring that records the momentum information. However, this drift leads to low timing resolution,

complicating trajectory reconstruction of the charged particles.

To address this issue, the CTH detectors are proposed to be installed at both ends of the CDC

to enable precise timing measurements. This setup allows charged particles generated at the centre

of the CyDet to initially pass through the CDC, where their momentum readings are recorded.

Subsequently, these particles traverse a strong magnetic field (1T) within the CyDet that bends

their trajectories, leading them towards the CTH detectors where their timing information will be

collected.

A CTH detector consists of two layers of concentric rings that contain 64 pairs of of inner (5 x 80

x 360 mm) and outer (10 x 88 x 340 mm) scintillators [2]. This structure allows the implementation

of a 4-fold coincidence trigger algorithm to prevent false triggers from backgrounds, enabling the

observation of the desired signals at a refined clarity.
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1.3 Aim of The Project

This Bachelor of Science (BSc) project aims to better understand the response of CTH detectors

upon encoutering various incidence radiations. Using simulation software, different signal informa-

tion of the detectors are collected, including impact location, momentum and energy deposition

distributions, as they encounter different particle types (e−, µ+, and π+) under various initial

momentum conditions (105, 125, 150 and 200 MeV/c). The collected information is therefore

statistically analysed and compared against theoretical predictions. This helps determine the ef-

fectiveness of CTH detectors in fulfilling the COMET project’s needs, and aids in future COMET

Phase-I data analysis.
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2.1 Energy Loss of a Charged Particle

As charged particles pass through matter, there are two primary processes [4]:

1) Inelastic collisions with the atomic electrons;

2) Elastic scattering with the nuclei.

The inelastic collisions are primarily responsible for the energy loss of the charged particles in

matter. Upon impact, atomic electrons either enter an excited state or are ionised into

substantial secondary particles (often referred to as delta-rays). In either scenario, energy is

dissipated to the surrounding atoms, leading to energy deposition inside the material. Although

the amount of energy transferred in each collision is small, the cumulative energy loss becomes

observable due to the large number of collisions per unit length.
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In contrast, elastic scattering deviates the charged particles from their original path without

energy transfer.

Besides the two dominant processes, other processes include:

3) Emission of Cherenkov radiation;

4) Nuclear reactions;

5) Bremsstrahlung radiation.

These processes are extremely rare compared to atomic collision processes and are often omitted

when analysing the energy loss of charged particles. Therefore, these processes will not be

considered in this report.

2.2 The Bethe-Bloch Formula

The Bethe-Bloch formula is crucial in predicting the energy deposition behaviour of charged par-

ticles. It is named after Hans Bethe and Felix Bloch, who independently developed the formula

and published their results in 1930. The formula is typically represented as [4]

−dE

dx
= 2πNar

2
emec

2ρ
Z

A

z2

β2

[
ln

(
2meγ

2v2Wmax

I2

)
− 2β2

]
. (2.1)

The quantity dE/dx is typically referred to as the stopping power, which describes the energy lost

per unit distance travelled inside the material.

The terms within the Bethe-Bloch formula can be categorised into three types: constants,

material-dependent parameters, and particle-dependent parameters, which are detailed below.

2.2.1 Constants

1) Na: Avogadro’s number = 6.022× 1023 mol−1.

2) re: classical electron radius = 2.817× 10−13 cm.

3) me: electron mass = 9.11× 10−13 kg.

4) c: speed of light = 3× 108 m · s−1.
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2.2.2 Material-Dependent Parameters

1) ρ: density of absorbing material.

2) Z: atomic number of absorbing material.

3) A: atomic weight of absorbing material.

4) I: mean excitation potential, which is related to Z as

I
Z = 12 + 7

Z eV Z < 13,

I
Z = 9.76 + 58.8Z−1.19 eV Z ≥ 13.

2.2.3 Particle-Dependent Parameters

1) z: charge of incident particle in units of e.

2) v: speed of incident particle.

4) γ: Lorentz factor = 1/
√
1− β2, where β = v/c.

5) Wmax: maximum energy transfer in a single collision.

For an incident particle of mass M ,

Wmax = 2mec
2η2

1+2s
√

1+η2+s2
,

where s = me/M and η = βγ.

2.3 Length Contraction

Special relativity states that objects moving at high speeds relative to an observer’s rest frame

undergo contraction in the direction of their motion. This phenomenon is expressed as

L = γL0, (2.2)

where L is the length of the moving object observed by a stationary observer, L0 is the proper

length of the object, and γ =
√
1− v2

c2 is the Lorentz factor.
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In the rest frame of a particle, the detector moves at high speed and thus appears shorter to

the particle. This contraction effectively reduces the probability of interactions per unit length in

the lab frame.
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3.1 Monte Carlo Simulation

Monte Carlo simulation uses a probabilistic model that simulates the outcomes of an experiment

with repeated random sampling. It is commonly utilised in High Energy Physics to gather informa-

tion on the experimental setup and detector performance before the experiment begins operation.

The data utilised in this project are obtained through Geant4-based simulation software, which

employs Monte Carlo methods to simulate the behaviour of particles as they traverse through

matter. Geant4 accounts for various physical processes such as electromagnetic interaction and

particle decay. It also provides a flexible and powerful framework for defining complex geometries

of experimental setups and materials [5].

The simulation software’s geometry mirrors the setup of CTH prototype testing at the Paul

Scherrer Institute conducted in November 2023, as depicted in Fig. 3.1. The layout comprises

two outer scintillators - CTH counters 0 and 1, each 10 mm thick; and two inner scintillators -
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CTH counters 2 and 3, each 5 mm thick. Additionally, four beamline counters are placed along

the axis of the beam direction for validation purposes, with sizes of 10 × 10mm2, 10 × 10mm2,

200× 200mm2 and 300× 300mm2 respectively. The beam of charged particles is simulated from

the left of the diagrams and passes through CTH counters 0, 1, 2, and 3 along the z-axis.

Figure 3.1: Left-hand side: schematic diagram of the CTH detector prototype testing at the Paul
Scherrer Institute [6], whose setup comprises of 4 CTH counters and 4 Beamline (BL) counters.
Right-hand side: simulation geometry in Geant4 software, which aligns with the setup of the CTH
prototype testing.

By aligning the simulation geometry with the actual experimental setup, the information col-

lected from Geant4 can be readily compared with the real data. Although the comparison analysis

was not performed in this project, it will be a main focus hereafter.

In this project, simulations are performed with e−, µ+, and π+ at momenta of 105 MeV/c,

125 MeV/c, 150 MeV/c and 200 MeV/c respectively. Each simulation contains 50,000 events to

minimise statistical fluctuations. One simulation takes approximately 800 seconds using the Linux

machine of the High Energy Physics (HEP) group of Imperial College.

3.2 Fitting Models

Function fitting is necessary to extract data statistically. To streamline the analysis, two models

are focused on: the Landau distribution [7] and the Moyal distribution [8].

3.2.1 Landau Distribution

The Landau distribution is named after the physicist Lev Landau. It primarily describes the dis-

tribution of energy deposition of a charged particle inside thin materials. The formula is expressed

as [7]
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p(x;µ, c) =
1

πc

∫ ∞

0

e−t cos
[
t

(
x− µ

c

)
+

2t

π
log

(
t

c

)]
dt, (3.1)

which is characterised by the location parameter µ and shape parameter c that determine the

position and width of the distribution respectively.

This expression can be illustrated in Fig. 3.2, where the characteristic parameters are taken as

µ = 0 and c = 1 respectively. It is a continuous probability distribution with a heavy tail, allowing

extreme energy deposition events to occur.

Figure 3.2: The Landau distribution with µ = 0 and c = 1, which exhibits a positively skewed
shape with heavy-tail behavior.

3.2.2 Moyal Distribution

The Moyal distribution is named after the mathematician José Enrique Moyal. It arises from

the study of the convolution of two independent and random Gaussian variables, which often

represent the position and momentum of a quantum particle. It is commonly applied to model

the distributions of energy loss in particle physics experiments. The probability density function

is written as [8]

p(λ, σ) =
1√
2πσ

exp
(
−λ+ e−λ

2

)
where λ(x;µ, σ) =

x− µ

σ
. (3.2)

An illustration of the Moyal distribution is shown in Fig. 3.3, where characteristic distributions

are taken as µ = 0 and σ = 1. Its shape is characterised by a peak slightly offset from its mean

and a heavier tail compared to a normal distribution.
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Figure 3.3: The Moyal distribution with µ = 0 and σ = 1, which has a similar shape to the Landau
distribution with a weaker tail behaviour.

3.2.3 Correlation Between Landau and Moyal

The Landau distribution with µ = 0 and c = 1 and the Moyal distribution with µ = 0 and σ = 1

are plotted in Fig. 3.4.

Figure 3.4: The Landau distribution (µ = 0 and c = 1) and the Moyal distribution (µ = 0
and σ = 1) exhibit similar general shapes. The Landau distribution demonstrates a stronger tail
behaviour compared to the Moyal distribution.

Both shapes are positively skewed with a mode less than their mean. Compared to the Moyal

distribution, Landau exhibits stronger tail behaviour.

As a matter of fact, the Moyal distribution is derived as an approximation of the Landau

distribution under the limit of a large mean number of collisions Q ≥ 20 [8]. Therefore, as the

number of interactions between a particle and the detector increases, the distribution tends Moyal

in nature.
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3.3 Effective Atomic Number and Atomic Weight

As detailed in Section 2.2, four material-dependent parameters (ρ, Z, A and I) of the CTH

detectors need to be substituted into the Bethe-Bloch formula. Among these, the material density

ρ = 1.032 g · cm−3 is provided by the scintillator manufacturer, and the mean excitation potential

is known to be I = 64.7 eV for plastic scintillators [4]. This leaves the atomic number Z and the

atomic weight A of the scintillators to be determined.

The primary composition of scintillation detectors is Polyvinyl toluene (PVT) material, with a

chemical formula of [CH2CH(C6H4CH3)]n [9]. Through which, the effective atomic number (Zeff)

and effective atomic weight (Aeff) can be calculated using [10]

Z2.94
eff =

∑
n

fn × Z2.94
n , A2.94

eff =
∑
n

wn ×A2.94
n , (3.3)

where fn represents the fraction of the total number of electrons and wn represents the fraction

of the total weight associated with each element n. This yields Zeff = 5.665 and Aeff = 11.653.

These values are reasonably close to those of carbon (Z = 6, A = 12.011), which is the primary

component of PVT material, as expected.

With these parameters, the stopping power (dE/dx) against momentum (p) distribution can

be plotted using Eq. 2.1 for e−, µ+ and π+, as shown in Fig. 3.5. The masses of these particles are

me = 0.511MeV/c2, mµ = 105.7MeV/c2, and mπ = 139.6MeV/c2 respectively. Heavier particles

have distinctly larger stopping powers, especially at lower momenta.

Figure 3.5: The Bethe-Bloch formula for PVT material plotted for e−, µ+, and π+ particles, with
masses me = 0.511MeV/c2, mµ = 105.7MeV/c2, and mπ = 139.6MeV/c2, respectively. At low
momenta, heavier particles deposit more energy. As momentum increases, their stopping powers
become closer.
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This is potentially a consequence of relativistic effect. In fact, the velocity v of a particle with

momentum p and mass m can be calculated using

v =
pc√

c2m2 + p2
, (3.4)

hence when particles have the same momentum, heavier particles typically exhibit lower velocities

compared to lighter particles. Consequently, heavier particles have smaller values of β, resulting

in larger values of −dE/dx according to Eq. 2.1. This observation aligns with the trends depicted

in Fig. 3.5, given that mπ > mµ > me.
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4.1 Impact Location Distribution

The impact location distributions, which represents the initial location of particles upon encoun-

tering each of the CTH counters, are extracted from the Monte Carlo simulation for e−, µ+ and

π+ with various initial momenta. A histogram illustrating the impact location distributions in the

x and y directions for particles with an initial momentum of 105 MeV/c is displayed in Fig. 4.1.

The shape of the distributions in both the x and y directions for each of the counters are

approximately Gaussian. This can be a consequence of the primary positions of the particles are

sampled using Gaussian distributions with µ = 0 and σ = 10 in the simulation software. Addi-

tionally, particles experience random scattering as they traverse through the detectors. According

to the central limit theorem (CLT), this also contributes to the Gaussian shape.
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Figure 4.1: The impact location distributions of e−, µ+, and π+ with an initial momentum of 105
MeV/c plotted as histograms of 200 bins, with the vertical axis being the frequency readings. All
of the distributions are approximately Gaussian.

4.1.1 Scattering Analysis

Gaussian distributions are fitted to the impact location distributions, with the x distributions at

CTH 0 from Fig. 4.1 serving as an example, as illustrated in Fig. 4.2.

Figure 4.2: The Gaussian fitting of the x distribution at CTH 0 with an initial momentum of 105
MeV/c shows that all three particles are well-fitted by the Gaussian model.

Similar fitting procedures are applied to other distributions. A table displaying the sigma values

of the fitted Gaussian distributions is presented in Table 4.1.

Given mπ > mµ > me, it is evident that heavier particles exhibit higher σ values in the Gaussian

fitting. This indicates a wider spreading of the distribution, suggesting stronger scattering effects.
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σ of Fitted Gaussian Distributions
CTH 0 CTH 1 CTH 2 CTH 3

x
e− 3.31(1) 3.43(2) 3.85(2) 4.03(2)
µ+ 4.55(2) 4.74(2) 5.35(3) 5.60(3)
π+ 5.37(3) 5.59(3) 6.34(4) 6.68(4)

y
e− 3.29(1) 3.41(2) 3.84(2) 4.02(2)
µ+ 4.50(2) 4.67(2) 5.26(3) 5.51(3)
π+ 5.45(3) 5.68(4) 6.49(3) 6.83(4)

Table 4.1: The standard deviation of the fitted Gaussian distributions for x and y values of particles
with initial momentum of 105 MeV/c. Numbers in the brackets are the errors corresponding to the
last digit of the readings. Heavier particles consistently exhibit higher σ values than the lighter
ones.

Relativistic effect likely plays a role in this phenomenon. Although the particles start with similar

momenta, according to Eq. 3.4, lighter particles have higher velocities that result in higher Lorentz

factors γ, which induces stronger length contraction as per Eq. 2.2. Consequently, lighter particles

perceive shorter distances when travelling through the material, leading to a decreased probability

of electromagnetic interactions per unit length in the lab frame and thus less spread in the impact

location distributions.

Comparing the impact location distributions of different initial momenta at CTH 3, as depicted

in Fig. 4.3, it can be observed that as momentum increases, the distributions of µ+ and π+ tend

towards the momentum distribution of e−. This trend potentially arises as the particles become

equally relativistic at high momenta.

Figure 4.3: The x and y distributions at CTH 3 are shown for initial momenta of 105, 125,
150, and 200 MeV/c respectively. The shape remains Gaussian as momentum increases, and the
distributions of µ+ and π+ approaches that of e−.
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4.2 Path Length Distribution

The path length is a measurement of the trajectory length that particles travel inside the counters.

A histogram of the path lengths of e−, µ+, and π+ with initial momenta of 105 MeV/c are plotted

in Fig. 4.4.

Figure 4.4: The path length distributions of particles with initial momenta of 105 MeV/c. CTH
0 and 1 have a thickness of 10 mm, CTH 2 and 3 have a thickness of 5 mm; the x-axis of each
histogram is scaled accordingly. The distributions exhibit nearly Gaussian primary peaks followed
by subsequent bumps.

Since CTH counters 0 and 1 have a thickness of 10 mm, counters 2 and 3 have a thickness of

5 mm, the ranges of the plots are scaled accordingly. Despite this difference, all four distributions

exhibit similar shapes with a primary peak that is approximately Gaussian, followed by secondary

bumps.

4.2.1 Expected Path Lengths

The expected path length can be calculated from the geometry of the detectors on the right-hand

side of Fig. 3.1 using

Expected Path Length =
Counter Thickness

cos θ
, (4.1)

where θ is the angle that the detector width makes with the z-axis, as shown in Fig. 4.5.

This yields the expected path lengths for each counter as follows: CTH 0: 10.748 mm; CTH

1: 10.403 mm; CTH 2: 5.257 mm; and CTH 3: 5.112 mm. These values can be plotted onto their

corresponding distributions, as shown in Fig. 4.6. Each expected value aligns with the peak of its

corresponding path length distribution, providing evidence of the valid analysis method.
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Figure 4.5: The CTH counters with their angles from the z-axis labelled as follows: CTH 0: 68.5°;
CTH 1: 74°; CTH 2: 72°; and CTH 3: 78°. These angles can be utilised to compute the expected
path length of each CTH counter.

Figure 4.6: The path length distributions for particles with an initial momentum of 105 MeV/c
are shown, along with the expected path lengths at CTH 0: 10.748 mm; CTH 1: 10.403 mm;
CTH 2: 5.257 mm; and CTH 3: 5.112 mm. These values are aligned with the primary peak of the
distributions.

4.2.2 Elastic Scattering Analysis

The path lengths at CTH 0 for different initial momenta are plotted in Fig. 4.7. As momentum

increases, the distribution of path lengths becomes more concentrated around a single point.

By limiting the y-values to (0, 1000), the secondary peaks can be observed with better detail, as

shown in Fig. 4.8. All three particles exhibit a secondary peak at a similar position, except e− has

an additional peak between the primary and secondary peaks. This additional peak is potentially

a result of the detection of delta-ray trajectories, which are the ionised atomic electrons produced

from hard collisions inside the detector.
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Figure 4.7: The path length distributions of CTH 0 with different initial momenta are depicted.
As momentum increases, the primary peak becomes thinner, and the distributions of µ+ and π+

approach that of e−.

Figure 4.8: Path length distributions of CTH 0 with different initial momenta are presented,
with y-values limited to (0, 1000). All three particles exhibit secondary peaks of similar shape at
approximately the same location, with e− showing an additional peak between the primary and
secondary peaks.

The other secondary peaks, on the other hand, are potentially consequences of elastic scat-

terings, leading particles to scatter towards certain angles at higher probabilities. Similar to the

primary peaks, secondary peaks merge into each other as momenta increase. Further investigation

is in demand to enhance the comprehension of this behaviour.

4.3 Momentum and Stopping Power Distributions

The simulation software outputs information regarding the initial momentum p of particles upon

encountering the counters, as well as the energy deposition ∆E. Dividing the energy deposition

by the trajectory length returns the energy deposition per unit path length ∆E/∆x, which is an

approximation of the stopping power dE/dx.

The p and ∆E/∆x distributions for particles with initial momenta of 105 MeV/c are plotted

in Fig. 4.9. The top row illustrates that heavier particles lose momentum at a greater rate. This
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is a consequence of heavier particles losing more energy, which can be observed in the bottom row

of the plot.

Figure 4.9: The p distributions (top) and ∆E/∆x distributions (bottom) of particles with initial
momenta of 105 MeV/c. Heavier particles deposit more energy per unit length and lose momentum
faster.

The increase in energy deposition of particles as they pass through detectors aligns with the

expectation of relativistic effects. As particles lose momentum, they become less relativistic and

experience less length contraction. This increases their probability of interacting with the detector,

resulting in a higher energy deposition.

Figure 4.10: The distributions of p (top) and ∆E/∆x (bottom) at CTH 3 for different initial
momenta. As momentum increases, the distributions of the three particles merge into each other,
making them harder to distinguish under real experimental conditions.
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The distributions of p and ∆E/∆x at CTH 3 for particles with different initial momenta

are depicted in Fig. 4.10. As initial momenta increase, the distributions merge into each other

and become increasingly difficult to distinguish. This observation aligns with our expectation

from the Bethe-Bloch formula (Fig. 3.5), wherein as momenta increase, the three particles become

equally relativistic and exhibit similar energy deposition behaviours, resulting in similar momentum

distributions at each counter.

4.3.1 Fitting of Landau and Moyal Distributions

To analyse the data more quantitatively, Landau and Moyal distributions are fitted onto the p and

∆E/∆x readings. Despite being originally designed to describe energy deposition behaviours, due

to the correlation between momentum and stopping power, Landau and Moyal distributions can

be fitted to the p readings as well. An example of such fitting is shown in Fig. 4.11, where both

Landau and Moyal distributions (flipped in horizontal direction) are fitted onto the p readings at

CTH 3 for particles with initial momenta of 125 MeV/c.

Figure 4.11: The p readings at CTH 3 fitted with Landau (solid lines) and Moyal (dotted lines)
distributions for particles with initial momenta of 125 MeV/c. For e−, the Landau distribution
provides a better fit, whereas the Moyal distribution fits µ+ and π+ better.

As depicted in the graph, the Landau distribution better fits the momentum readings of e−,

while µ+ and π+ prefer the Moyal distribution. Therefore, p and ∆E/∆x readings of different

particles of different initial momenta may favour different fitting distributions at different CTH

counters.

To determine the better fitting distribution of each reading, chi-squared values of the Landau

and Moyal distributions fitted onto each reading are compared using
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χ2 =
∑ (Oi − Ei)

2

Ei
, (4.2)

where Oi represents the observed bin and Ei denotes the expected value predicted by either the

Landau or Moyal distribution at the corresponding bin. A lower chi-squared value indicates that

the fitting distribution better describes the histogram.

For particles with an initial momentum of 105 MeV/c, the chi-squared values under the Landau

and Moyal distributions are listed in Table 4.2. The chi-squared values of the two models are

compared, with the lower value highlighted in either red (for Landau) or green (for Moyal). This

allows for the determination of the better fit for each distribution.

105 MeV/c
CTH 0 CTH 1

e− µ+ π+ e− µ+ π+

p
Landau 10.21 25.38 60.97 73.98 115.97 244.20
Moyal 6174.02 1246.55 111.50 12686.20 9.58 19.89

Better fit Landau Landau Landau Landau Moyal Moyal

∆E
∆x

Landau 198.60 280.23 969.75 184.58 703.45 324.91
Moyal 51.79 51.95 108.12 64.70 60.79 133.19

Better fit Moyal Moyal Moyal Moyal Moyal Moyal
CTH 2 CTH 3

e− µ+ π+ e− µ+ π+

p
Landau 172.14 212.65 495.38 228.36 630.92 1394.66
Moyal 12279.8 20.21 62.35 11130.80 35.85 128.90

Better fit Landau Moyal Moyal Landau Moyal Moyal

∆E
∆x

Landau 100.15 191.06 674.48 100.33 191.01 543.17
Moyal 35.05 10.15 56.33 35.31 12.47 44.43

Better fit Moyal Moyal Moyal Moyal Moyal Moyal

Table 4.2: The chi-squared values of the p and ∆E/∆x readings for particles with an initial
momentum of 105 MeV/c fitted by Landau and Moyal distributions are compared. This comparison
helps determine the favoured model for each distribution.

Similar methods are applied for particles with other initial momenta. The favoured fitting

distribution of p and ∆E/∆x readings are listed in Table 4.3.

Despite all p readings starting with Landau at CTH 0, those of heavier particles tend to

transform into Moyal as they pass through subsequent detectors, especially at low momenta. As

initial momentum increases, Landau distribution becomes harder to disrupt, persisting longer

through several counters. This may result from the relativistic effect of higher momentum particles

interacting less with the detector.

On the other hand, ∆E/∆x readings prefer Moyal for all particles across all four initial mo-
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105 MeV/c 125 MeV/c
CTH 0 CTH 1 CTH 2 CTH 3 CTH 0 CTH 1 CTH 2 CTH 3

p
e− Landau Landau Landau Landau Landau Landau Landau Landau
µ+ Landau Moyal Moyal Moyal Landau Moyal Moyal Moyal
π+ Landau Moyal Moyal Moyal Landau Moyal Moyal Moyal

∆E
∆x

e− Moyal Moyal Moyal Moyal Moyal Moyal Moyal Moyal
µ+ Moyal Moyal Moyal Moyal Moyal Moyal Moyal Moyal
π+ Moyal Moyal Moyal Moyal Moyal Moyal Moyal Moyal

150 MeV/c 200 MeV/c
CTH 0 CTH 1 CTH 2 CTH 3 CTH 0 CTH 1 CTH 2 CTH 3

p
e− Landau Landau Landau Landau Landau Landau Landau Landau
µ+ Landau Landau Moyal Moyal Landau Landau Landau Landau
π+ Landau Moyal Moyal Moyal Landau Landau Moyal Moyal

∆E
∆x

e− Moyal Moyal Moyal Moyal Moyal Moyal Moyal Moyal
µ+ Moyal Moyal Moyal Moyal Moyal Moyal Moyal Moyal
π+ Moyal Moyal Moyal Moyal Moyal Moyal Moyal Moyal

Table 4.3: The favored fitting distributions of the p and ∆E/∆x readings for each initial momentum
level are summarised. As momentum increases, the p readings tend to favour Landau, while the
∆E/∆x readings consistently favour Moyal.

menta. This preference could stem from particles interacting with the detector with a large mean

number of collisions due to the relatively thick detectors (thickness of 5 or 10 mm). In such cases,

Moyal distribution is favoured to describe the energy deposition, as mentioned in Section 3.2.

4.3.2 Fitted MPV Values and Bethe-Bloch Formula

By fitting the favoured model according to Table 4.3, the most probable values (MPV), which are

the peak positions of the histograms, of the p and ∆E/∆x distributions can be obtained. Since

all p readings of CTH counters represent the initial momentum value upon first encountering the

particles, the average p inside each counter can be obtained by calculating the average of the MPV

values of adjacent counters. For the average p of CTH 3, the MPV values at BL 2 (as shown in

Fig. 3.1), which collects the p information after CTH 3, are requried. BL 2 covers a large area

after CTH 3, enabling it to capture the vast majority of the signals.

The MPV values of p and ∆E/∆x readings for particles with an initial momentum of 105 MeV/c

are listed in Table 4.4. The errors on the MPV values are obtained from Python’s scipy.opti-

mize.curve_fit algorithm, which yields very small uncertainties due to the large number of entries

in each histogram (~50,000). Similar methods are applied for distributions of other initial momen-

tum levels. These MPV values can hence be plotted onto the Bethe-Bloch formula, as shown in

Fig. 4.12. Despite discrepancies, the general trend of the simulation results is well predicted by

the Bethe-Bloch formula.
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105 MeV/c
CTH 0 CTH 1 CTH 2 CTH 3

p
e− 103.641(1) 101.758(5) 100.302(9) 99.26(1)
µ+ 101.629(3) 96.594(5) 92.604(7) 89.67(1)
π+ 99.496(5) 90.84(1) 83.42(2) 77.27(3)

∆E
∆x

e− 1.687(1) 1.692(2) 1.636(3) 1.638(3)
µ+ 2.989(1) 3.141(2) 3.234(1) 3.337(1)
π+ 4.141(3) 4.658(3) 5.195(3) 5.789(5)

Table 4.4: MPV values of p and ∆E/∆x for particles with initial momenta of 105 MeV/c obtained
from Landau / Moyal fitting. The errors are small due to low statistical uncertainties.

Figure 4.12: The fitted values are plotted onto the Bethe-Bloch formula. However, the errors are
too small to be visible. Notable observations include a constant offset for e− and misalignment for
π+ at low momenta.

The relative differences of the fitted values from the Bethe-Bloch formula can be analysed, for

example, at CTH 0 and at CTH 3, as shown in Fig. 4.13 and Fig. 4.14. From left to right,

the particles have initial momenta of 105, 125, 150, and 200 MeV/c respectively. Uncertainties

associated with every point are magnified by a factor of 100.

Figure 4.13: The relative differences of CTH 0 readings from the Bethe-Bloch predictions. From
left to right, the particles have initial momenta of 105, 125, 150, and 200 MeV/c respectively. e−

exhibits an offset of about −0.3 MeV/cm, and π+ misaligns at low momenta.
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Figure 4.14: The relative differences of CTH 3 readings from the Bethe-Bloch predictions. From
left to right, the particles have initial momenta of 105, 125, 150, and 200 MeV/c respectively.
Compared to the CTH 0 readings (Fig. 4.13), the p readings of different particles separate further
at lower momenta.

Particles within the same initial momentum groups exhibit similar momentum at CTH 0. As

they pass through subsequent counters, the momentum readings separate significantly when they

arrive at CTH 3. The separation becomes more pronounced as the initial momentum decreases,

which aligns with our observation in Fig. 4.10.

There are offsets for e− across all momentum levels, where each point is about 0.3 MeV/cm

below the Bethe-Bloch prediction. This discrepancy could be due to the inclusion of the delta-ray

path lengths into the path lengths of the primary particle, effectively increasing the overall e− path

length readings and hence decreasing ∆E/∆x values.

Misalignments for π+ at low momenta may arise from the decay process of π+ → µ++ νµ with

a mean lifetime of 26 ns. Using Eq. 3.4, π+ at 105 MeV/c is found to travel at 1.8× 107 m · s−1,

which requires approximately 2 ns to travel through the entire detector. This is comparable to the

π+ mean lifetime, therefore π+ is possible to decay when travelling through the counters, effectively

transforming it into µ+ with a lower momentum, which potentially deposits more energy than the

original π+ according to the Bethe-Bloch formula (Fig. 3.5), leading to a rise in the corresponding

∆E/∆x values. As momentum increases, the relativistic effect reduces the likelihood of π+ decay

before it reaches to the end of the detectors, leading to a better alignment with the prediction.

µ+, on the other hand, has a longer mean lifetime of 2.2 µs, hence has a small likelihood of

decay as it travels through the CTH counters, aligning the energy deposition distributions better

with the Bethe-Bloch predictions.
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5.1 Impact Location

The impact locations are generally Gaussian for all initial momenta of e−, µ+, and π+. This is

likely due to:

1) The primary locations of particles being generated with a Gaussian distribution of σ = 10 mm;

2) The random scattering process leading to normally distributed impact locations.

For less relativistic particles, such as heavier particles with lower momentum, the Gaussian dis-

tributions have a larger σ. This is potentially a consequence of less relativistic particles interacting

more frequently with the detector, resulting in a more evenly spread Gaussian distribution.

As the initial momenta of e−, µ+, and π+ increase, their impact location distributions merge

into each other, likely due to the particles approaching similar levels of relativistic speed.
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5.2 Path Length

Each path length distribution of e−, µ+, and π+ exhibits a primary peak centred around the

expected path length that is calculated based on the thickness and orientation of each counter.

Additionally, all three particles display a secondary peak at a similar location. This secondary

peak may be attributed to elastic scattering. e− also manifests another peak situated between the

primary and secondary peaks. This peculiar feature could arise from the inclusion of delta-rays

in the path length of primary e−. Further investigation is required to elucidate this secondary

particle behaviour.

5.3 Energy Deposition

Less relativistic particles tend to deposit more energy per unit length as they travel through the

detector material, primarily due to their increased interaction with atomic electrons, which undergo

inelastic collisions responsible for energy loss.

As momentum increases, e−, µ+, and π+ exhibit similar distributions for energy deposition as

the particles approach relativistic equivalence.

The Moyal distribution fits well for the ∆E/∆x distributions, likely due to the relatively thick

detectors that cause particles to undergo sufficient collisions with a mean number of collisions

Q > 20, thus favouring the Moyal distribution over the Landau distribution.

A more universal fitting method can potentially be deployed to compare different histograms

parallelly.

5.4 Momentum

As particles travel through detectors, momentum decreases due to energy deposition. Less rela-

tivistic particles experience greater momentum loss due to their higher stopping power.

Although Moyal and Landau distributions are commonly used to describe energy deposition,

the correlation between energy deposition and momentum allows the latter to also be represented

by a flipped Moyal or Landau distribution.
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For all three particles at all initial momentum levels, momentum distributions start as Landau

at CTH 0. This is potentially a consequence of the generated incidence particles pass through

the thin BL 0 before arriving at CTH 0, which coincides with the situation (thin detector) that

is specifically described by Landau distribution, whereas Moyal describes the thicker detector

circumstances.

As particles progress through the detectors, the lighter particles are less likely to transform

the initial Landau distribution into Moyal due to reduced interactions with the detector caused by

relativistic effects.

5.5 Distinguishability at 105 MeV/c

The COMET project aims to differentiate e− at approximately 105 MeV/c, the trigger signal for

neutrinoless µ− e conversion, from background signals at approximately 105 MeV/c.

At this energy level, e− exhibits distinct momentum and energy distributions compared to

heavier µ+ and π+ particles as they traverse the CTH counters. e− deposit less energy and

consequently experience slower momentum decrease compared to µ+ and π+. Although the three

particles may initially have similar momentum at CTH 0, their distributions distinctly separate

by the time they reach CTH 3, facilitating their differentiation. This makes the CTH detectors

effective in distinguishing e− from µ+ and π+ background signals at approximately 105 MeV/c,

hence fulfill COMET project’s needs.

5.6 Bethe-Bloch Formula

While discrepancies exist, the general trend of energy deposition for e−, µ+, and π+ particles can

be accurately predicted by the Bethe-Bloch formula within the momentum range investigated in

this project.

A consistent offset is observed for e− across different momentum levels, potentially attributable

to the inclusion of delta-ray path lengths in the primary e− measurements. Development is needed

to refine the algorithm that the analysis software utilises.

The misalignment of π+ particles may arise from the decay reaction of π+ → µ+ + νµ. This

process has a relatively short mean lifetime, hence is possible to take place as π+ travels inside the
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detector. As momentum increases, particles become more relativistic and hence are less likely to

decay, leading to a better alignment with the Bethe-Bloch predictions.

µ+ particles generally exhibit good alignment with the Bethe-Bloch formula, likely due to their

lower likelihood of decay compared to π+.

5.7 Potential Systematic Errors

The errors associated with the most probable value (MPV) obtained from fitting algorithms may

not accurately represent the uncertainties of the fitted values. Alternative methods, such as evalu-

ating the full-width at half-maximum (FWHM) of the histograms, should be considered to analyse

uncertainties more comprehensively.

The radiation processes other than atomic collisions, such as Bremsstrahlung radiation and

particle decay, are likely to occur in the experimental setup of our concern, therefore should be

accounted for when assessing energy deposition behaviours.

The effective atomic number (Zeff ) and atomic weight (Aeff ) derived from the analysis may

lack accuracy. Obtaining more precise data from other studies will enhance the accuracy of analysis

involving these parameters.

Potential errors in the analysis software for Geant4 simulations, such as the inclusion of delta

rays when measuring the path length of e−, could introduce offsets in the energy deposition values.

Further investigation is essential to identify and rectify such discrepancies.



Conclusions

In this project, the response behaviours of Cylindrical Trigger Hodoscope (CTH) detectors upon

encountering e−, µ+ and π+ particles at momentum levels of 105, 125, 150 and 200 MeV/c are

collected using Geant4-based simulation software. Through analysis of various physical variables,

such as impact location, path length, momentum and energy deposition, the particles with lower

mass and higher velocity are found to exhibit weaker scattering, lower energy deposition and slower

momentum decrease as they travel through the CTH detectors, especially at lower momenta of

around 105 MeV/c. This phenomenon enables e−, which has a significantly smaller mass, to be

well distinguished from µ+ and π+ at a momentum of around 105 MeV/c. The CTH detector is

hence determined to be capable of fulfilling the needs of the COherent Muon to Electron Transition

(COMET) project, which aims to detect neutrinoless µ− e conversions, whose trigger signal is 105

MeV/c e− radiation, from a huge background, therefore investigate the Beyond Standard Model

(BSM) effect of charged-lepton flavour violation (CLFV).

Path length distributions for all three particles consist of a primary peak centred around the

expected path length calculated using simulation setup geometry, and a secondary peak that is

potentially a result of elastic scattering. Besides, e− has an extra spike between the primary and

secondary peak, which is potentially a result of including the path lengths of secondary delta-rays.

This behaviour requires refined algorithm in the analysis software for further investigation.

Moyal distribution provides a good description for the ∆E/∆x readings for all three particles

within the investigated range of momenta. For the p readings, despite starting as Landau distri-

butions at CTH counter 0, the distributions increasingly become Moyal as the particles become

less relativistic when they travel through subsequent detectors. This aligns with our expectation

that the Moyal distribution describes the particle better when the mean number of collisions with

the detector is significant.

The fitting results of p and ∆E/∆x readings are compared with the Bethe-Bloch formula

results. Despite the overall trend aligns, discrepancies exist between the collected readings and the

theoretical predictions, especially for e− and π+ particles. The potential systematic uncertainties,

such as the effects of delta-ray emission and particle decay, should be investigated in future studies.
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